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Permutation Groups and
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Abstract
Various descending chains of subgroups of a finite permutation group can
be used to define a sequence of ‘basic’ permutation groups that are analogues
of composition factors for abstract finite groups. Primitive groups have been
the traditional choice for this purpose, but some combinatorial applications
require different kinds of basic groups, such as quasiprimitive groups, that are
defined by properties of their normal subgroups. Quasiprimitive groups admit
similar analyses to primitive groups, share many of their properties, and have
been used successfully, for example to study s-arc transitive graphs. Moreover
investigating them has led to new results about finite simple groups.
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1. Introduction
For a satisfactory understanding of finite groups it is important to study simple
groups and characteristically simple groups, and how to fit them together to form
arbitrary finite groups. This paper discusses an analogous programme for studying
finite permutation groups. By considering various descending subgroup chains of
finite permutation groups we define in §2 sequences of ‘basic’ permutation groups
that play the role for finite permutation groups that composition factors or chief
factors play for abstract finite groups. Primitive groups have been the traditional
choice for basic permutation groups, but for some combinatorial applications larger
families of basic groups, such as quasiprimitive groups, are needed (see §3).
Application of a theorem first stated independently in 1979 by M. E. O’Nan
and L. L. Scott [4] has proved to be the most useful modern method for identifying
the possible structures of finite primitive groups, and is now used routinely for their
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analysis. Analogues of this theorem are available for the alternative families of basic
permutation groups. These theorems have become standard tools for studying
finite combinatorial structures such as vertex-transitive graphs and examples are
given in §3 of successful analyses for distance transitive graphs and s-arc-transitive
graphs. Some characteristic properties of basic permutation groups, including these
structure theorems are discussed in §4.
Studying the symmetry of a family of finite algebraic or combinatorial systems
often leads to problems about groups of automorphisms acting as basic permutation
groups on points or vertices. In particular determining the full automorphism group
of such a system sometimes requires a knowledge of the permutation groups con-
taining a given basic permutation group, and for this it is important to understand
the lattice of basic permutation groups on a given set. The fundamental problem
here is that of classifying all inclusions of one basic permutation group in another,
and integral to its solution is a proper understanding of the factorisations of simple
and characteristically simple groups. In §3 and §4 we outline the current status of
our knowledge about such inclusions and their use.
The precision of our current knowledge of basic permutation groups depends
heavily on the classification of the finite simple groups. Some problems about
basic permutation groups translate directly to questions about simple groups, and
answering them leads to new results about simple groups. Several of these results
and their connections with basic groups are discussed in the final section §5.
In summary, this approach to analysing finite permutation groups involves
an interplay between combinatorics, group actions, and the theory of finite simple
groups. One measure of its success is its effectiveness in combinatorial applications.
2. Defining basic permutation groups
Let G be a subgroup of the symmetric group Sym(Ω) of all permutations of a
finite set Ω. Since an intransitive permutation group is contained in the direct prod-
uct of its transitive constituents, it is natural when studying permutation groups
to focus first on the transitive ones. Thus we will assume that G is transitive on Ω.
Choose a point α ∈ Ω and let Gα denote the subgroup of G of permutations that
fix α, that is, the stabiliser of α. Let Sub(G,Gα) denote the lattice of subgroups
of G containing Gα. The concepts introduced below are independent of the choice
of α because of the transitivity of G. We shall introduce three types of basic per-
mutation groups, relative to L1 := Sub(G,Gα) and two other types of lattices L2
and L3, where we regard each Li as a function that can be evaluated on any finite
transitive group G and stabiliser Gα.
For Gα ≤ H ≤ G, the H-orbit containing α is α
H = {αh |h ∈ H}. If
Gα ≤ H < K ≤ G, then the K-images of α
H form the parts of a K-invariant par-
tition P(K,H) of αK , and K induces a transitive permutation group Comp(K,H)
on P(K,H) called a component of G. In particular the component Comp(G,Gα)
permutes P(G,Gα) = {{β} |β ∈ Ω} in the same way that G permutes Ω, and we
may identify G with Comp(G,Gα).
For a lattice L of subgroups of G containing Gα, we say that K covers H
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in L if K,H ∈ L, H < K, and there are no intermediate subgroups lying in L.
The basic components of G relative to L are then defined as all the components
Comp(K,H) for which K covers H in L. Each maximal chain Gα = G0 < G1 <
· · · < Gr = G in L determines a sequence of basic components relative to L, namely
Comp(G1, G0), . . . ,Comp(Gr, Gr−1), and G can be embedded in the iterated wreath
product of these groups. In this way the permutation groups occurring as basic
components relative to L, for some finite transitive group, may be considered as
‘building blocks’ for finite permutation groups. We refer to such groups as basic
permutation groups relative to L.
A transitive permutation group G on Ω is primitive if Gα is a maximal sub-
group of G, that is, if Sub(G,Gα) = {G,Gα}. The basic components of G relative
to L1 = Sub(G,Gα) are precisely those of its components that are primitive.
The basic groups of the second type are the quasiprimitive groups. A transitive
permutation group G on Ω is quasiprimitive if each nontrivial normal subgroup of
G is transitive on Ω. The corresponding sublattice is the set L2 of all subgroups
H ∈ Sub(G,Gα) such that there is a sequence H0 = H ≤ H1 ≤ · · · ≤ Hr = G with
each subgroup of the form Hi = GαNi where for i < r, Ni is a normal subgroup of
Hi+1, and Nr = G. The basic components of G relative to L2 are precisely those
of its components that are quasiprimitive.
Basic groups of the third type are innately transitive, namely transitive per-
mutation groups that have at least one transitive minimal normal subgroup. The
corresponding sublattice will be L3. A subgroup N of G is subnormal in G if there
is a sequence N0 = N ≤ N1 ≤ · · · ≤ Nr = G such that, for i < r, Ni is a normal
subgroup of Ni+1. The lattice L3 consists of all subgroups of the form GαN , where
N is subnormal in G and normalised by Gα. All the basic components of G relative
to L3 are innately transitive. Note that each primitive group is quasiprimitive and
each quasiprimitive group is innately transitive. Proofs of the assertions about L2
and L3 and their components may be found in [27].
3. The role of basic groups in graph theory
For many group theoretic and combinatorial applications finite primitive per-
mutation groups are the appropriate basic permutation groups, since many problems
concerning finite permutation groups can be reduced to the case of primitive groups.
However such reductions are sometimes not possible when studying point-transitive
automorphism groups of finite combinatorial structures because the components of
the given point-transitive group have no interpretation as point-transitive automor-
phism groups of structures within the family under investigation. The principal
motivation for studying some of these alternative basic groups came from graph
theory, notably the study of s-arc transitive graphs (s ≥ 2).
A finite graph Γ = (Ω, E) consists of a finite set Ω of points, called vertices, and
a subset E of unordered pairs from Ω called edges. For s ≥ 1, an s-arc of Γ is a vertex
sequence (α0, α1, . . . , αs) such that each {αi, αi+1} is an edge and αi−1 6= αi+1 for
all i. We usually call a 1-arc simply an arc. Automorphisms of Γ are permutations
of Ω that leave E invariant, and a subgroup G of the automorphism group Aut(Γ) is
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s-arc-transitive if G is transitive on the s-arcs of Γ. If Γ is connected and is regular
of valency k > 0 so that each vertex is in k edges, then an s-arc-transitive subgroup
G ≤ Aut(Γ) is in particular transitive on Ω and also, if s ≥ 2, on (s− 1)-arcs. It is
natural to ask which of the components of this transitive permutation group G on
Ω act as s-arc-transitive automorphism groups of graphs related to Γ.
For Gα ≤ H ≤ G, there is a naturally defined quotient graph ΓH with vertex
set the partition of Ω formed by the G-images of the set αH , where two such G-
images are adjacent in ΓH if at least one vertex in the first is adjacent to at least one
vertex of the second. If Γ is connected and G is arc-transitive, then ΓH is connected
and G induces an arc-transitive automorphism group of ΓH , namely the component
Comp(G,H). If H is a maximal subgroup of G, then Comp(G,H) is both vertex-
primitive and arc-transitive on ΓH . This observation enables many questions about
arc-transitive graphs to be reduced to the vertex-primitive case.
Perhaps the most striking example is provided by the family of finite distance
transitive graphs. The distance between two vertices is the minimum number of
edges in a path joining them, and G is distance transive on Γ if for each i, G is
transitive on the set of ordered pairs of vertices at distance i. In particular if G
is distance transitive on Γ then Γ is connected and regular, of valency k say. If
k = 2 then Γ is a cycle and all cycles are distance transitive, so suppose that k ≥ 3.
If ΓH has more than two vertices, then Comp(G,H) is distance transitive on ΓH ,
while if ΓH has only two vertices then H is distance transitive on a smaller graph
Γ2, namely Γ2 has α
H as vertex set with two vertices adjacent if and only if they
are at distance 2 in Γ (see for example [12]). Passing to ΓH or Γ2 respectively and
repeating this process, we reduce to a vertex-primitive distance transitive graph.
The programme of classifying the finite vertex-primitive distance transitive graphs
is approaching completion, and surveys of progress up to the mid 1990’s can be
found in [12, 31]. The initial result that suggested a classification might be possible
is the following. Here a group G is almost simple if T ≤ G ≤ Aut(T ) for some
nonabelian simple group T , and a permutation group G has affine type if G has an
elementary abelian regular normal subgroup.
Theorem 3.1 [28] If G is vertex-primitive and distance transitive on a finite graph
Γ, then either Γ is known explicitly, or G is almost simple, or G has affine type.
In general, if G is s-arc-transitive on Γ with s ≥ 2, then none of the components
Comp(G,H) with Gα < H < G is s-arc-transitive on ΓH , so there is no hope that
the problem of classifying finite s-arc-transitive graphs, or even giving a useful
description of their structure, can be reduced to the case of vertex-primitive s-arc-
transitive graphs. However the class of s-arc transitive graphs behaves nicely with
respect to normal quotients, that is, quotients ΓH where H = GαN for some normal
subgroup N of G. For such quotients, the vertex set of ΓH is the set of N -orbits,
G acts s-arc-transitively on ΓH , and if ΓH has more than two vertices then Γ is a
cover of ΓH in the sense that, for two N -orbits adjacent in ΓH , each vertex in one
N -orbit is adjacent in Γ to exactly one vertex in the other N -orbit. We say that Γ is
a normal cover of ΓH . If in addition N is a maximal intransitive normal subgroup
of G with more than two orbits, then G is both vertex-quasiprimitive and s-arc-
transitive on ΓH , see [24]. If some quotient ΓH has two vertices then Γ is bipartite,
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and such graphs require a specialised analysis that parallels the one described here.
On the other hand if Γ is not bipartite then Γ is a normal cover of at least one
ΓH on which the G-action is both vertex-quasiprimitive and s-arc-transitive. The
wish to understand quasiprimitive s-arc transitive graphs led to the development
of a theory for finite quasiprimitive permutation groups similar to the theory of
finite primitive groups. Applying this theory led to a result similar to Theorem 3.1,
featuring two additional types of quasiprimitive groups, called twisted wreath type
and product action type. Descriptions of these types may be found in [24] and [25].
Theorem 3.2 [24] If G is vertex-quasiprimitive and s-arc-transitive on a finite
graph Γ with s ≥ 2, then G is almost simple, or of affine, twisted wreath or product
action type.
Examples exist for each of the four quasiprimitive types, and moreover this
division of vertex-quasiprimitive s-arc transitive graphs into four types has resulted
in a better understanding of these graphs, and in some cases complete classifications.
For example all examples with G of affine type, or with T ≤ G ≤ Aut(T ) and
T = PSL2(q), Sz(q) or Ree(q) have been classified, in each case yielding new s-arc
transitive graphs, see [13, 25]. Also using Theorem 3.2 to study the normal quotients
of an s-arc transitive graph has led to some interesting restrictions on the number
of vertices.
Theorem 3.3 [15, 16] Suppose that Γ is a finite s-arc-transitive graph with s ≥ 4.
Then the number of vertices is even and not a power of 2.
The concept of a normal quotient has proved useful for analysing many fami-
lies of edge-transitive graphs, even those for which a given edge-transitive group is
not vertex-transitive. For example it provides a framework for a systematic study
of locally s-arc-transitive graphs in which quasiprimitive actions are of central im-
portance, see [11].
We have described how to form primitive arc-transitive quotients of arc-trans-
itive graphs, and quasiprimitive s-arc-transitive normal quotients of non-bipartite
s-arc-transitive graphs. However recognising these quotients is not always easy
without knowing their full automorphism groups. To identify the automorphism
group of a graph, given a primitive or quasiprimitive subgroup G of automorphisms,
it is important to know the permutation groups of the vertex set that contain G,
that is the over-groups of G. In the case of finite primitive arc-transitive and
edge-transitive graphs, knowledge of the lattice of primitive permutation groups on
the vertex set together with detailed knowledge of finite simple groups led to the
following result. The socle of a finite group G, denoted soc(G), is the product of
its minimal normal subgroups.
Theorem 3.4 [22] Let G be a primitive arc- or edge-transitive group of automor-
phisms of a finite connected graph Γ. Then either G and Aut(Γ) have the same
socle, or G < H ≤ Aut(Γ) where soc(G) 6= soc(H) and G,H are explicitly listed.
In the case of graphs Γ for which a quasiprimitive subgroup G of Aut(Γ) is
given, it is possible that Aut(Γ) may not be quasiprimitive. However, even in this
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case a good knowledge of the quasiprimitive over-groups of a quasiprimitive group
is helpful, for if N is a maximal intransitive normal subgroup of Aut(Γ) then both G
and Aut(Γ) induce quasiprimitive automorphism groups of the normal quotient ΓH ,
where H = Aut(Γ)αN , and the action of G is faithful. This approach was used,
for example, in classifying the 2-arc transitive graphs admitting Sz(q) or Ree(q)
mentioned above, and also in analysing the automorphism groups of Cayley graphs
of simple groups in [8].
Innately transitive groups, identified in § 2 as a third possibility for basic
groups, have not received much attention until recently. They arise naturally when
investigating the full automorphism groups of graphs. One example is given in
[7] for locally-primitive graphs Γ admitting an almost simple vertex-quasiprimitive
subgroup G of automorphisms. It is shown that either Aut(Γ) is innately transitive,
or G is of Lie type in characteristic p and Aut(Γ) has a minimal normal p-subgroup
involving a known G-module.
4. Characteristics of basic permutation groups
Finite primitive permutation groups have attracted the attention of mathe-
maticians for more than a hundred years. In particular, one of the central problems
of 19th century Group Theory was to find an upper bound, much smaller than n!,
for the order of a primitive group on a set of size n, other than the symmetric group
Sn and the alternating group An. It is now known that the largest such groups
occur for n of the form c(c− 1)/2 and are Sc and Ac acting on the unordered pairs
from a set of size c. The proofs of this and other results in this section depend on
the finite simple group classification.
If G is a quasiprimitive permutation group on Ω, α ∈ Ω, and H is a max-
imal subgroup of G containing Gα, then the primitive component Comp(G,H) is
isomorphic to G since the kernel of this action is an intransitive normal subgroup
of G and hence is trivial. Because of this we may often deduce information about
quasiprimitive groups from their primitive components, and indeed it was found in
[29] that finite quasiprimitive groups possess many characteristics similar to those
of finite primitive groups. This is true also of innately transitive groups. We state
just one example, concerning the orders of permutation groups acting on a set of
size n, that is, of degree n.
Theorem 4.1 [4, 29] There is a constant c and an explicitly defined family F of
finite permutation groups such that, if G is a primitive, quasiprimitive, or innately
transitive permutation group of degree n, then either G ∈ F , or |G| < nc log n.
The O’Nan-Scott Theorem partitions the finite primitive permutation groups
into several disjoint types according to the structure or action of their minimal
normal subgroups. It highlights the role of simple groups and their representations
in analysing and using primitive groups. One of its first successful applications was
the analysis of distance transitive graphs in Theorem 3.1. Other early applications
include a proof [6] of the Sims Conjecture, and a classification result [18] for maximal
subgroups of An and Sn, both of which are stated below.
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Theorem 4.2 [6] There is a function f such that if G is primitive on a finite set
Ω, and for α ∈ Ω, Gα has an orbit of length d in Ω \ {α}, then |Gα| ≤ f(d).
Theorem 4.3 [18] Let G = An or Sn with M a maximal subgroup. Then either M
belongs to an explicit list or M is almost simple and primitive. Moreover if H < G
and H is almost simple and primitive but not maximal, then (H,n) is known.
This is a rather curious way to state a classification result. However it seems
almost inconceivable that the finite almost simple primitive groups will ever be
listed explicitly. Instead [18] gives an explicit list of triples (H,M, n), where H is
primitive of degree n with a nonabelian simple normal subgroup T not normalised
by M , and H < M < HAn. This result suggested the possibility of describing the
lattice of all primitive permutation groups on a given set, for it gave a description
of the over-groups of the almost simple primitive groups. Such a description was
achieved in [23] using a general construction for primitive groups called a blow-up
construction introduced by Kovacs [14]. The analysis leading to Theorem 3.4 was
based on this theorem.
Theorem 4.4 [23] All inclusions G < H < Sn with G primitive are either explicitly
described, or are described in terms of a blow-up of an explicitly listed inclusion
G1 < H1 < Sn1 with n a proper power of n1.
Analogues of the O’Nan-Scott Theorem for finite quasiprimitive and innately
transitive groups have been proved in [3, 24] and enable similar analyses to be under-
taken for problems involving these classes of groups. For example, the quasiprimitive
version formed the basis for Theorems 3.2 and 3.3. It seems to be the most useful
version for dealing with families of vertex-transitive or locally-transitive graphs. A
description of the lattice of quasiprimitive subgroups of Sn was given in [2, 26] and
was used, for example, in analysing Cayley graphs of finite simple groups in [8].
Theorem 4.5 [2, 26] Suppose that G < H < Sn with G quasiprimitive and imprim-
itive, and H quasiprimitive but H 6= An. Then either G and H have equal socles
and the same O’Nan-Scott types, or the possibilities for the O’Nan-Scott types of
G,H are restricted and are known explicitly.
In the latter case, for most pairs of O’Nan-Scott types, explicit constructions
are given for these inclusions. Not all the types of primitive groups identified by the
O’Nan-Scott Theorem occur for every degree n. Let us call permutation groups of
degree n other than An and Sn nontrivial. A systematic study by Cameron, Neu-
mann and Teague [5] of the integers n for which there exists a nontrivial primitive
group of degree n showed that the set of such integers has density zero in the natural
numbers. Recently it was shown in [30] that a similar result holds for the degrees
of nontrivial quasiprimitive and innately transitive permutation groups. Note that
2.2 <
∑
∞
d=1
1
dφ(d) < 2.23.
Theorem 4.6 [5, 30] For a positive real number x, the proportion of integers n ≤ x
for which there exists a nontrivial primitive, quasiprimitive, or innately transitive
permutation group of degree n is at most (1 + o(1))c/ log x, where c = 2 in the case
of primitive groups, or c = 1 +
∑
∞
d=1
1
dφ(d) for the other cases.
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5. Simple groups and basic permutation groups
Many of the results about basic permutation groups mentioned above rely
on specific knowledge about finite simple groups. Sometimes this knowledge was
already available in the simple group literature. However investigations of basic
permutation groups often raised interesting new questions about simple groups.
Answering these questions became an integral part of the study of basic groups,
and the answers enriched our understanding of finite simple groups. In this final
section we review a few of these new simple group results. Handling the primitive
almost simple classical groups was the most difficult part of proving Theorem 4.3,
and the following theorem of Aschbacher formed the basis for their analysis.
Theorem 5.1 [1] Let G be a subgroup of a finite almost simple classical group X
such that G does not contain soc(X), and let V denote the natural vector space
associated with X. Then either G lies in one of eight explicitly defined families of
subgroups, or G is almost simple, absolutely irreducible on V and the (projective)
representation of soc(G) on V cannot be realised over a proper subfield.
A detailed study of classical groups based on Theorem 5.1 led to Theorem 5.2,
a classification of the maximal factorisations of the almost simple groups. This
classification was fundamental to the proofs of Theorems 3.4 and 4.3, and has been
used in diverse applications, for example see [9, 17].
Theorem 5.2 [19, 20] Let G be a finite almost simple group and suppose that G =
AB, where A,B are both maximal in G subject to not containing soc(G). Then
G,A,B are explicitly listed.
For a finite group G, let π(G) denote the set of prime divisors of |G|. For
many simple groups G there are small subsets of π(G) that do not occur in the
order of any proper subgroup, and it is possible to describe some of these precisely
as follows.
Theorem 5.3 [21, Theorem 4, Corollaries 5 and 6] Let G be an almost simple group
with socle T , and let M be a subgroup of G not containing T .
(a) If G = T then for an explicitly defined subset Π ⊆ π(T ) with |Π| ≤ 3, if
Π ⊆ π(M) then T,M are known explicitly, and in most cases π(T ) = π(M).
(b) If π(T ) ⊆ π(M) then T,M are known explicitly.
Theorem 5.3 was used in [10] to classify all innately transitive groups having no
fixed-point-free elements of prime order, settling the polycirculant graph conjecture
for such groups. Another application of Theorems 5.2 and 5.3 is the following
factorisation theorem that was used in the proof of Theorem 4.5. It implies in
particular that, if G is quasiprimitive of degree n with nonabelian and non-simple
socle, then Sn and possibly An are the only almost simple over-groups of G.
Theorem 5.4 [26, Theorem 1.4] Let T, S be finite nonabelian simple groups such
that T has proper subgroups A,B with T = AB and A = Sℓ for some ℓ ≥ 2. Then
T = An, B = An−1, where n = |T : B|, and A is a transitive group of degree n.
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Finally we note that Theorem 4.6 is based on the following result about indices
of subgroups of finite simple groups.
Theorem 5.5 [5, 30] For a positive real number x, the proportion of integers n ≤ x
of the form n = |T : M |, where T is a nonabelian simple group and M is either
a maximal subgroup or a proper subgroup, and (T,M) 6= (An, An−1), is at most
(1 + o(1))c/ log x, where c = 1 or c =
∑
∞
d=1
1
dφ(d) respectively.
We have presented a framework for studying finite permutation groups by
identifying and analysing their basic components. The impetus for extending the
theory beyond primitive groups came from the need for an appropriate theory of
basic permutation groups for combinatorial applications. Developing this theory
required the answers to specific questions about simple groups, and the power of
the theory is largely due to its use of the finite simple group classification.
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